In this work, the performance of the recuperative type heat exchangers connected in series is studied. General expressions for the effectiveness of counter flow and parallel flow connections for any type of heat exchangers have been derived. It is proved that the effectiveness of the heat exchanger is only function of the thermal conductance and heat capacity flows. A numerical example is given in order to find how many cross flow heat exchangers connected in series would give the same effectiveness as that of single counterflow heat exchanger.
Introduction
Heat exchangers are devices used to transfer heat between two fluids at different temperatures. The goal of heat exchanger design is to relate the inlet and outlet temperature, the overall heat transfer coefficient, and the geometry of the heat exchanger to the rate of heat transfer between the two fluids.
Heat exchangers are extensively used in power plants as boilers, condensers, feedwater heaters, superheaters, economizers and air heaters; in refrigeration and air-conditioning equipments as evaporators and condensers; and in many other applications. Effect of the maximum and minimum heat capacitance on the performance of heat exchangers from entropy generation point of view has been investigated [1] . Theoretical analysis of counterflow heat exchangers [2] and parallel flow heat exchangers [3] with a heat source within the hot fluid has been studied. Moreover heat exchangers of any type can be connected in series for certain purposes. More details on heat exchanger design and application can be found in literature [4] [5] [6] [7] .
Heat exchangers can be connected in series in counter flow connection as shown Figure 1a or in parallel flow connection as shown in Figure 1b , while the heat exchangers connected in series in both connections can be any type of heat exchanger.
In order to avoid any misunderstandings between concepts counter-flow unit and counter connection as well as between parallel-flow unit and parallel connection, a counter connection of three parallel flow units (parallel flow heat exchangers) is presented in Figure 2 .
In series connection, the overall conductance of the connected units is equal to the sum of the conductances of all individual units.
The main objective of this work is to derive a general expression for the overall effectiveness of the series connection as a function of the effectiveness's of whole units in that connection. Moreover, this study purpose is to obtain the best performance of the heat exchanger based on their connection. 
Counter connection
Let us designate by T and T C  as the temperature and heat capacity of hot flow; and by t and T C  as the temperature and heat capacity of cold flow, respectively.
Consider the counter connection as shown in Figure 3 and assume first that
Figure 3 is a counter connection with counter flow heat exchangers (counter units). However units can be any type of heat exchanger since the same mathematical formulation is valid for them; this is because we only consider the temperatures of the hot and cold flows at the inlet and exit of the unit.
Consider unit 1 of Figure 3 .
The heat balance can be written as
and effectiveness of the unit is ε 1 = ∆t 1 /θ o . From these expressions it follows that ∆t 1 = ε 1 θ o and ∆T 1 = (
. Correspondingly for the other units and The total heat balance of the connection is
, where ∆t = ∆t 1 + ∆t 2 + ∆t 3 . Hence R ∆t = θ 4 + ∆t -θ 1 and 1 R t 
Then by using Eq. (1), the effectiveness of the whole connection for 0 ≤ R < 1 is obtained as
In the same way as above, a general expression for the whole connection (counter connection) effectiveness for
, can be obtained, which is the same as that of Eq. (2). So the heat capacitance ratio, R, does not change mathematically the general expression for the effectiveness.
For R = 1, ∆t 1 = ∆T 1 , ∆t 2 = ∆T 2 and ∆t 3 = ∆T 3 , hence we 
Then the auxiliary variable is obtained as The effectiveness of the whole connection for R = 1 can be written in general form as 
When the units are identical and we assume, that the conductance of a unit does not change if its geometry does not change, it is valid that ε 1 = ε 2 = ε 3 = ...= ε u . That is because it can be proven that the effectiveness ε of a heat exchanger is only function of heat capacity flows and conductance as will be shown later, and the heat capacity flows are the same for all the units. Hence it follows from Eqs. (2) and (3) that
and
where R is either
(the minimum heat capacity flow is in the nominator) and n is the number of units. In a similar way it is easy to show that Eqs. (2) and (4) are valid also for R = 0. Equation (5) is obtained by talking the limit of Equation (4) as R tends to 1 and then using L'Hopitals rule as R tends to 1. Now we consider the case where n→∞. The heat balance of an individual unit can be written as
, where G'' is conductance per unit heat transfer area of the heat exchanger walls, A u is area of the heat exchangers walls and θ is the average temperature difference between cold and hot fluids. As n → ∞ and the size of the connection still remains finite, the size of the units becomes differentially small and it follows that , where θ = T -t. But this is the heat balance of a differential unit of a counter-flow exchanger that means that we end up to equations of the ordinary counter-flow exchanger. Thus, as the number of units is very large, we can consider the whole connection as one counter-flow exchanger.
Parallel connection
Consider the parallel connection where the individual units consist of parallel flow heat exchangers as shown in Figure 4 .
Let us first consider the case where
. Considering unit 1, the heat balance is
The effectiveness of unit 1 is ε 1 = ∆t 1 /θ o = ∆t 1 / θ 1 . From these equations it follows that ∆t 1 = ε 1 θ 1 and ∆T 1 = -(
which means that
. Correspondingly for the other units 
In a similar way we end up with Eq. (6) for the case where
It is easy to show that Eq. (6) is valid also when R = 1. If all the units of a parallel connection are identical with effectiveness ε u , it follows from Eq. (6) that 
The overall
which is valid for all values of R (when 0 ≤ R ≤ 1).
Let us again consider the case where n→∞. The heat balance of one unit can be written as
. As n→∞ and the size of the connection still remains finite, the size of the units is differentially small and it follows that , where θ = T -t. However, this is the heat balance of a differential unit of a parallel-flow exchanger, hence we end up with the equations of the ordinary parallelflow exchanger. Thus as the number of units is very large, we can consider the whole connection as one parallel-flow exchanger.
A proof that the effectiveness of a heat exchanger is a function of R and NTU only
This proof is based on the Buckingham's Π-theorem and on such a reasonable assumption that the change of temperature of the smaller heat capacity flow in the heat exchanger, ∆T max , is function of four variables which are temperature difference of entering flows θ o (which is the maximum temperature difference in the whole heat exchanger), minimum heat capacity flow min C  , maximum heat capacity flow max C  , and conductance of the exchanger G. Hence we can write According to Buckingham's Π-theorem no information is lost if the function F is derived to a function of dimensionless groups, that is Π-groups, so that the amount of Π-groups in the new function is 3.
We can form, from the variables of function F, for example the following Π-groups:
Hence we get a new function f so that f(Π 1 , Π 2 , Π 3 ) = 0. But this can be derived directly to form Π 1 = Π 1 (Π 2 , Π 3 ) or e = e (R, NTU), which was to be proved.
Comparison between a counterflow exchanger and a counterflow connection made of crossflow elements.
Considering the three types of heat exchangers, counter-, crossand parallel flow exchangers, it is well known that the counterflow exchanger has the best effectiveness. Hence, the effectiveness of the counter flow exchanger can be used as a reference. The closer the effectiveness of a connection to the reference one, the better is the connection. An important question is how many elements needed in order that a connection practically performs as counter flow exchanger with the same heat transfer area?
In order to study this, we use the following approximate equation for cross-flow exchangers with both flows unmixed [8] : (8) Consider a counter flow exchanger and a counter connection made of cross-flow units so that they both have the same G, Substituting Eq. (9) into Eq (8), we get the effectiveness, ε u for an individual cross flow unit. Using Eqs. (4) and (5), we get the effectiveness ε con for counter connection. 
Results and Discussion
For a counter connection the effectiveness of the connection can be calculated from Eq. (2) or Eq. (3) and especially from Eq. (4) or Eq. (5) when the units are identical.
The corresponding equations for a parallel-flow connection are Eqs. (6) and (7).
The data calculated according to the above procedure is shown graphically in Figures 5a -5d .
Effectivenesses of counterflow-and crossflow heat exchangers and of counter connections made of crossflow units with different values of R. In each of the figures, the uppermost curve represents the counter flow heat exchanger and the lowermost represents a single cross flow heat exchanger and between the upper-and lowermost curves there are 5 curves, which represent the counter connections made of 2, 4, 6, 8 and 10 with cross flow heat exchanger units. The larger the number of units the closer the curve is to the uppermost curve.
Figures 5 a -5 d illustrate that the larger R value the larger the differences of e between individual cases. In case R = 0 which takes place in a phase change, there would be no difference at all and there would be only a single curve in the figure.
Thus we can make a conclusion that the differences are the largest for R = 1, i.e. when the heat capacity flows are the same. This conclusion can be reasoned also in the following way: let us consider a situation where , and by definition the e is more sensitive to the geometry the closer R value to unity. Thus, the largest differences between effectivenesses appear in the case R = 1. The largest differences between a single counterflow exchanger and counterflow connections with various number of units of cross flow heat exchangers have been found from the numerical data of Figure 5a . The main results are given in Table 1 .
The largest differences of e between a single counterflow exchanger and counterflow connections when R = 1. In the table n = number of units, NTU (max) = the NTU-value where the largest difference occurs, % (max) = largest difference (%), % (NTU = 1) = the difference of e when NTU = 1 (%).
The numerical data was calculated with the accuracy of two decimals and with some values of n there appeared to be two maximum points. In most cases, the maximum point was very close to the point NTU = 1 and for this reason there is an extra row which shows the difference for NTU = 1.
The results indicated by Table 1 can be presented shortly so that two units are needed in order that the difference in all conditions is less than 10 %, for 3 units less than 5 %, for 8 units less than 2 % and for 28 units less than 1 %. But it must be remembered that we considered here the limit case R = 1 and with smaller values of R usually smaller amount of units is needed. Table 1 indicates also that the difference of e between a counterflow and a single crossflow exchanger is never larger than 11%.
It can be proven by the dimensional analysis that for any heat exchanger the effectiveness is a function of NTU and R only and does not depend on the incoming temperatures.
Practically not so many crossflow units are needed in order that the effectiveness of a counterflow connection is practically not worse than that of a single counterflow exchanger. It was proved that 8 units are needed in order to have only 2 % difference in effectiveness.
Conclusions
A theoretical formulation was presented in order to obtain the effectiveness of heat exchangers connected in series. The effectiveness was derived for counter and parallel flow heat exchangers connected in series. If the heat exchangers are connected in series they should be connected in counter flow connection in order to achieve the best possible effectiveness.
It was shown that the effectiveness of the heat exchanger is only function of the heat capacitance ratio of the two fluids and the thermal conductance.
Usually only a few units are needed in order that the effectivenes is almost the same as a single counterflow exchanger. 
